Learning Many-body Potential
Energy Functions for
Condensed Matter Systems
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From ab initio to Molecular Mechanics

Ab initio: Solving the Schrodinger Equation (Time-dependent/independent)




From ab initio to Molecular Mechanics

Ab initio: Solving the Schrodinger Equation (Time-dependent/independent)

Many problems only require potential energy function, i.e.

= RBNatom — Energy (Force, Hessian, efc)

X = AL *%% I
( 1 ) Natom) E(X) f(X) H(X)
System Cartesian

Coordinates Potential Energy Function (PEF)



Transferable Force Field

X

It looks like this...
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A.D. MacKerell, Jr., et al J. Phys. Chem. B 102,3586 (1998)



Challenges in Developing Transferable Force
Fields for Condensed Matter Systems

e High quality data for different systems
o Limited experimental data
o Limited accurate ab initio calculations
e Complicated shortrange interactions
o Many-body effect
o Breaking/forming covalent bonds
e Polarization in long range interactions (polarizable models)

New ways to construct many-body potential energy functions.



System-specific Potential Energy Functions

CRYSTAL CHALLENGE

The 3D structure that a molecule adopts in a crystal is very difficult
to predict — but defines what properties the molecule has.

The structural formula of The 3D orientation repeats in a
a molecule reveals which P n complex mo lline lattice with

toms are connected ata e i d es the molec s mechan
2D level. ities. chemical and physical properti

Software predicts
crystal structures

Chemists have succeeded at a fiendish task — forecasting
how complex moleculeswill assemble in 3D.

Nature 527, 20 (2015)

Target

Chemical diagram

Crystallization conditions, remarks and
clarifications

(XXII)

(XXII1)

(XXIV)

(XXV)

(XXVI)

Crystallized from an acetone/water mixture;
chiral-like character due to potential
flexibility of the six-membered ring, but
no chiral precursors used in synthesis.

Five known polymorphs (A-E); three
Z' =1(A,B, D), two Z' =2 (C and E).
The most stable polymorphs at 257 and
293 K are both Z' = 1. Crystallization
conditions include slow evaporation of
acetone solution and of ethyl acetate:
water mixture.

Crystallized from 1 M HCI solution. The
substituents of the C=C double bond are
in the cis configuration.

Slow evaporation of a methanol solution,
which contained a racemic mixture of the
enantiomers of Tréger’s base.

Slow evaporation from 1:1 mixture of
hexane and dichloromethane. No chiral
precursors used in synthesis.

A. M. Reilly, et. al., Acta Cryst. B72, 439 (2016).



System-specific Potential Energy Functions

(XXII) (XXIII) (XXIV) (XXV) (XXVI)
A B C D E
Team Members L1 L2 | 55| L2 El L2 | B L2 L1 T2 I L2 L1 52 L1 L2 L1 L2
1 Chadha & Singh - - - - -
2 Cole er al. - - - - - - - -
3 Day et al. 3 1 23 - - Ta 75 - - - - - -
4 Dzyabchenko 1 -
5 van Eijck 4 83 20 - - 1 -
6 Elking & Fusti-Molnar - - - - 78 - (73) - - - - - 8 1
7 van den Ende, Cuppen ef al. 9 90 - = - - - - = -
8 Facelli et al. - - - - — — -
9 Obata & Goto 2 - 13 (66) -
10 Hofmann & Kuleshova - - - - - - - - -
11 Lv, Wang, Ma &= =
12 Marom et al. - -
13 Mohamed 1 — 38 — — —
I 14 Neumann, Kendrick, Leusen 2 26 85 2 4 - 6 11 39 - - 2 6 1 1
1> FPantehdes, Al:l_]ﬁlall eral. [§] FLL) 13 o= 1 ==
16 Pickard et al. -
137 Podeszwa er al. 8 >
18 Price et al. 6 2 - - 1 2 85 44 - - 1 1 2 1
19 Szalewicz et al. -
20 Tuckerman, Szalewicz et al. 4
21 Zhu, Oganov, Masunov 3 - - - - -
22 Boese # # ® # * # # * #
23 Brandenburg & Grimme - - - - 11 1 - - ® 2 - -
24 Szalewicz et al.
25 Tkatchenko er al. 3 1 - - 2 5 14 2 e 1

A. M. Reilly, et. al., Acta Cryst. B72, 439 (2016).



System-specific Potential Energy Functions

Constructing potential
energy functions MANY
times

e General function forms that can be used in many different systems.
e Many parameters: flexible models

e Systematic and efficient ways to fit and validate

Machine Learning



Learning Potential Energy Functions

e Explicit, deterministic, smooth almost sure
f(x) = ~-VE(x) H(x) = VVE(x)

Relatively easy to evaluate
Efficient and easy to train
Transferable with respect to different system size
Satisfy basic symmetry requirements
o Permutational Symmetry
o Translational/Rotational Symmetry
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Learning Potential Energy Functions

e Explicit, Deterministic, Smooth almost sure
f(x) = ~-VE(x) H(x) = VVE(x)

Relatively easy to evaluate
Efficient and easy to train
Transferable with respect to different system size
Satisfy basic symmetry requirements
o Permutational Symmetry
o Translational/Rotational Symmetry



Symmetry requirements

Translational/Rotational

Permutational Symmetry S t
ymmetry

Y.

y

H2

Exchanging labels doesn’t affect
energy (from quantum mechanics)

https://en.wikipedia.org/wiki/Quantum_dot



Weak Correlated System: Many-body
Expansion
R, = (1“1,1“2 1“‘3)
1 Body (1B) 2 Bodies (2B)

I's ‘rl
U:ZUlB(Ri)—FZUQB(Ri:RJ) (

1<J

= Z Usp(Ri,R;,Ri) +---+Unp(R1,--- ,Rn)

i<j<k | ,w ()

) )

-~

V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395

(2013)
Y. Wang, X. Huang, B. C. Shepler, B. J. Braams, J. M. Bowman, J. Chem. \; Bapin G R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599
Phys. 134, 094509 (2011) (2014)

G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906

3 Bodies (3B)



Weak Correlated System: Many-body
Expansion

I{& ::(r17r23r3)
Already good enough 1 Body (1B) 2 Bodies (2B)

N / Iy 1

U :Z Uip(Ri))+ UQB » Ry » = ?Lv'q

3 Bodies (3B)

5 Z@uf{j; -+« +UnB(R1, -+ ,Ry)

\ P«

Complicated: High Emperical v{
dimensional/Many-body Correlation

Y. Wang, X. Huang, B. C. Shepler, B. J. Braams, J. M. Bowman, J. Chem. V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395
Phys. 134, 094509 (2011) (2013)

V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599
(2014)

G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906




Polynomial Regression in Many-body Water
Potential

Npoty
Usp(Ri,R;) = s(R;, R;) Z Cioi(Ri,R;) + long range
s
Npol'y

Usg(Ri, R, Ry) = s(R;,R;,Ry) Z Cioi(Ri, R;, Ry)

I=1



Polynomial Regression in Many-body Water
Potential

N.

poly
Usg(Ri,R;) = s(Ri, R;) E Cioi(Ri,R;) + long range
=i
Npoty
UBB(Rz': Rj; Rk) — S(Rz'; Rj: Rk) E Czébl(Ri; Rj; Rk) +77?77
=1
Nsa.‘mple pol’y
_ qnl
x= ), wE)Unp(x:) — EX5(%a))* + A E e
=
V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395
(2013)
Y. Wang, X. Huang, B. C. Shepler, B. J. Braams, J. M. Bowman, J. Chem. V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599
Phys. 134, 094509 (2011) (2014)

G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906



Permutationally Invariant Polynomial

oIt
Uy = e~ T12/T0
2 13 —r13/70
Yya =€ 7
r / r‘ 1 — e_TQB/TO
2H1 r23 H2 3 JB
Translational/
Rotational
Symmetry

P(Y1:Y2,Y3) = Y1 Y2 Y3" + Yz Y1 y3’

X. Huang, B. J. Braams, J. M. Bowman, J. Chem. Phys. 122, 044308 (2005)

Y1, Y2, Y3
Y1 Yo" Ys

Exchange H1 and H2

Exchange 1/1and /9

Permutational
Symmetry



Permutationally Invariant Polynomial

oIt

—r12/70

Yyr = ¢€
Y2 = €

'egs ., I's ys=¢e

12 13

—r13/70 1.2, V3

Y1 Ys Ya

—r93/70

I'o

H1

Exchange H1 and H2

(Y1, Y2, y3) = Y1' Yo Ys® + ya Y1 ys < Exchangejjiand I3

Compute these polynomials iteratively!

X. Huang, B. J. Braams, J. M. Bowman, J. Chem. Phys. 122, 044308 (2005)



Model Three-body (kcal/mol)

Water: From Cluster to Bulk

MB-pol potential: polynomlal+polarlzable model (TTM4-F) iicieroon o o Chem Pve 128

i — E :UIB I_Z 4 E : sh,ort I'i,rj) 2, 3, many body

contributions
<]

/ t
E U™ (ri, v, k) + Urrar + Udisp Long range
il dispersion

V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395
(2013)

V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599
(2014)

G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906



Water: From Cluster to Bulk

MB-pol potential: polynomial+polarizable model (TTM4-F)

short
U = E UlB I‘z —I— E I'“rj) 2, 3, many body

contributions
Learn the 1<J

“Correction” E ’ f
L Ue Lor I'“ r;. rk) + Uppas + Udisp Long range
2 dispersion

Number of Polynomials
e WHBB: 1380 (5th Order)+5849 (6th Order) Possible for Bulk
e MB-pol: 13(2nd Order)+202 (3rd Order)+948 (4th Order) Calculation

V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395

(2013)
Y. Wang, X. Huang, B. C. Shepler, B. J. Braams, J. M. Bowman, J. Chem. V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599
Phys. 134, 094509 (2011) (2014)

G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906



Training MB-pol Potential

Training data:
e Configurations from simulations
e Energy calculated in CCSD(T)/CBS and CCSD(T)/aug-cc-pVTZ
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4 ] J ] (2013)
HBB2-pol MB-pol V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599
L R R L N R B (2014)

Veasor (kealimol) Vogsor (keal/mol) G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906



Strong Correlated System: Local Environment

Many-body
expansion



Strong Correlated System: Local Environment
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J. Behler and M. Parrinello, Phys. Rev. Lett. 98, 146401 (2007)
J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)
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Strong Correlated System: Local Environment

Natom,

E; + long range
i=1

Rotational/
Translational
Symmetry

Permutational
Symmetry

J. Behler and M. Parrinello, Phys. Rev. Lett. 98, 146401 (2007)
J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)




Modeling a PEF with Artificial Neural Network

Cartesian Symmetry Atomic Atomic Short
Coordinates  Functions NNs Energies Range

NN(H)

? GNfeature)

J. Behler and M. Parrinello, Phys. Rev. Lett. 98, 146401 (2007)
J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)



Modeling a PEF with Artificial Neural Network

A

@put Hidden Hidden Outpﬁ

Atomic Short Layer Layer 1 Layer 2 Layer

Energies Range

Cartesian Symmetry Atomic
Coordinates ~ Functions

( Bias Node = 1 )
\ J
G ) «
L. - - J g1 44—l
TeaiuTe yi =1 | b + E :a’k,i Y
J. Behler and M. Parrinello, Phys. Rev. Lett. 98, 146401 (2007) k=1

J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)



Symmetry Functions as Features

5 {cos (W”) - 1} for r;; < R,
fe(ri;) =
0 for rij > Rc
N(Lt()’n’l atmn
(1) : 2
G = 3 ) 6 = 32 e )
g=1 Jj=1 4.0
3.0
—s s Z Z (1 + X cos 8, e Mt TietTie) 201
£t kAl g % LoT
| | o 0.0 _
Xfc(’rij)fC('riwa(rjk) 10
20f
3.0}
J. Behler, J. Chem. Phys., 134, 074106 (2011) il

J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)
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Training the Neural Network Potential

1 Nstruct
I '=

Nstruct i=1

e reference structure
A e trial structure

GZ,max o g
i

(Enn

i 2
o ERef )

Z ( fNN_FIRef)

J. Behler, Angew. Chem. Int.
Ed. 10.1002/anie.201703114
(2017)

J. Behler, Int. J. Quantum

Chem., 115, 1032 (2015)
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Gaussian Approximation Potential

Gaussian Process Regression/Kernel Ridge Regression A.P. Barték, M. C. Payne, R.

Kondor, and G. Csanyi, Phys.

Nz Rev. Lett. 104, 136403 (2010)
QLo A. P. Barték and G. Csanyi, Int.
J. Quantum Chem., 115, 1051
E = E; + long range (2015)
=1

qample

Z CrK (G, Gy)

e There are no direct atomic energies so the training are
based on total energy and forces.

e Local environments are highly correlated. A sparse subset
is selected as representative atomic neighbourhood
environments



Descriptor: Smooth Overlap of Atomic Positions

neigh. 9
_ [ — 1|
pi(r) = Z = ( 252

j atom

e Permutational symmetry

e Translational symmetry

e Rotational symmetry X

A. P. Bartok and G. Csanyi, Int. J. Quantum Chem., 115, 1051 (2015)
A. P. Bartok, R. Kondor, and G. Csanyi, Phys. Rev. B. 87, 184115 (2013)



Descriptor: Smooth Overlap of Atomic Positions

neigh. 9
_ [ — 1|
)= 3 e (5

j atom

p(r) =) exp(—alr —ri[>) = > Y ¢, (r)¥u(F)

[ [m

cfm(r) = 471 exp [—oz (r2 + r[.z)] L,(2arri)Y,’,"ﬂ (T;)

Two densities: © and O’

S(p.p') = f p(r)p'(r)dr

Still NOT rotational invariant

. Barték and G. Csanyi, Int. J. Quantum Chem., 115, 1051 (2015)
. Bartok, R. Kondor, and G. Csanyi, Phys. Rev. B. 87, 184115 (2013)

T T

A.
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Descriptor: Smooth Overlap of Atomic Positions

k(p.p")

f |S(p’}’?\pl)|17dié \ Integrate over SO(3) group, with

respect to Haar measure. Take n=2 as
example

n

— [ dR ‘[ o(r)p'(Rr)dr

S(R)= S(p.Rp') = fdrp[r)p’{f?r)

=2 2 [Pww® [ dr cim(r)Cl (r) f di Y}, (8) Vi (£)

L' Im — Wigner matrices, irreducible
o representations of SO(3)
7l I
= Z Z fmm {&r r’ "[ }DH’HH (R} == Z IHHH mm’
i.i" Lmm' [,m.m'
A. P. Bartok and G. Csanyi, Int. J. Quantum Chem., 115, 1051 (2015)
mm (Oé s ) A. P. Bartok, R. Kondor, and G. Csanyi, Phys. Rev. B. 87, 184115 (2013)

= 4w exp[—a(r; +r7) /2] u (ariri) Vi (B Yk, (Fir)



Descriptor: Smooth Overlap of Atomic Positions

mm z : mm’ (OJ ]’,,i"i

il A f dR S*(R)S(R)

— Z (]rl;zm )* o de D*(R):’nm D(R):;M

Lmm' A, 04

-0- AFs A so )BH—(}- so PS—*—SOAP

1 [ 0.38
= Z ([mm ) [mm ‘QO.SG
[m,m’ o
30.34
By Peter-Weyl theorem, coefficients of 5o
Wigner matrices form orthonormal 5
basis in 1.2(5S0(3)) 5
)]
20.
[ael

0.24

k(p.p) )‘
Vk(p,p)k(p’.p")

A. P. Barték and G. Csényi, Int. J. Quantum Chem., 115, 1051 (2015) '22000 3(;00 4600 5[')'00 GdOO 7600 8000
A. P. Bartok, R. Kondor, and G. Csanyi, Phys. Rev. B. 87, 184115 (2013) Database size

SOAP: K(p,p') = (




Frequency [THz]

Example of GAP+SOAP
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] [] u DFT, quadropole (135 at.] =
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2T FS — 1T y
DET =
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W. J. Szlachta, A. P. Bartok and G. Csanyi, Phys. Rev. B. 90, 104108 IR

(2014)



Conclusion

e Machine learning based potential energy functions are able to
model condensed matter systems accurately

e Basic symmetries (permutational/translational/rotational)
need to be satisfied.

e “Delta-ML” may perform better if “relatively good” reference
potentials are available.

e Keeping one-to-one mapping from Cartesian coordinates to
features is important

e Extrapolatingisone bigissue.



