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Multiscale Modeling in Condensed Matter

All Atom Molecular 
Mechanics

ab initio

A. Boretti, Nature Photonics. 8, 88 (2014).

Coarse-Graining
F. J. Van Eerden et al, Nature 
Communications. 8, 15214 (2017).

Continues Models

Timescale

K. T. Delaney et al, Comp 
Phys Comm. 184, 2102 
(2013).

System Sizenm μm mm



From ab initio to Molecular Mechanics

Ab initio: Solving the Schrödinger Equation (Time-dependent/independent)

“Accurate” “Transferable” Slow (Scaling, 
Prefactor)



From ab initio to Molecular Mechanics

Ab initio: Solving the Schrödinger Equation (Time-dependent/independent)

“Accurate” “Transferable” Slow (Scaling, 
Prefactor)

Many problems only require potential energy function, i.e.

System Cartesian 
Coordinates

Energy (Force, Hessian, etc)

Potential Energy Function (PEF)



Transferable Force Field

Transferable Accuracy

A.D. MacKerell, Jr., et al J. Phys. Chem. B 102,3586 (1998) 

It looks like this... 
CHARMM, AMBER, OPLS_AA, 
GROMOS and many others 

● Reasonably good for modeling 
some biomolecules like 
proteins.

● Need careful benchmark in 
many condensed matter 
systems, e.g. molecular crystals



Challenges in Developing Transferable Force 
Fields for Condensed Matter Systems
●  High quality data for different systems

○ Limited experimental data
○ Limited accurate ab initio calculations

● Complicated short range interactions
○ Many-body effect
○ Breaking/forming covalent bonds

● Polarization in long range interactions (polarizable models)

New ways to construct many-body potential energy functions.



System-specific Potential Energy Functions

Nature 527, 20 (2015) A. M. Reilly, et. al., Acta Cryst. B72, 439 (2016).



System-specific Potential Energy Functions
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System-specific Potential Energy Functions

● General function forms that can be used in many different systems. 

● Many parameters: flexible models

● Systematic and efficient ways to fit and validate

Constructing potential 
energy functions MANY 

times

Machine Learning



Learning Potential Energy Functions

● Explicit, deterministic, smooth almost sure

● Relatively easy to evaluate
● Efficient and easy to train
● Transferable with respect to different system size
● Satisfy basic symmetry requirements

○ Permutational Symmetry
○ Translational/Rotational Symmetry
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Learning Potential Energy Functions

● Explicit, Deterministic, Smooth almost sure

● Relatively easy to evaluate
● Efficient and easy to train
● Transferable with respect to different system size
● Satisfy basic symmetry requirements

○ Permutational Symmetry
○ Translational/Rotational Symmetry



Symmetry requirements

Permutational Symmetry

H1

H2

H2

H1

Exchanging labels doesn’t affect 
energy (from quantum mechanics)

Translational/Rotational 
Symmetry

https://en.wikipedia.org/wiki/Quantum_dot



Weak Correlated System: Many-body 
Expansion

2 Bodies (2B)

3 Bodies (3B)

Y. Wang, X. Huang, B. C. Shepler, B. J. Braams, J. M. Bowman, J. Chem. 
Phys. 134, 094509 (2011) 

V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395 
(2013)
V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599 
(2014)
G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906 
(2014)

1 Body (1B)



2 Bodies (2B)

3 Bodies (3B)

Y. Wang, X. Huang, B. C. Shepler, B. J. Braams, J. M. Bowman, J. Chem. 
Phys. 134, 094509 (2011) 

V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395 
(2013)
V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599 
(2014)
G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906 
(2014)

1 Body (1B)Already good enough

Complicated: High 
dimensional/Many-body Correlation

Emperical

Weak Correlated System: Many-body 
Expansion



Polynomial Regression in Many-body Water 
Potential



Polynomial Regression in Many-body Water 
Potential

Y. Wang, X. Huang, B. C. Shepler, B. J. Braams, J. M. Bowman, J. Chem. 
Phys. 134, 094509 (2011) 

V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395 
(2013)
V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599 
(2014)
G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906 
(2014)

+????



Permutationally Invariant Polynomial

Exchange H1 and H2 

Exchange      and    

X. Huang, B. J. Braams, J. M. Bowman, J. Chem. Phys. 122, 044308 (2005) 

Translational/
Rotational 
Symmetry

Permutational 
Symmetry

H1 H2

O



Permutationally Invariant Polynomial

Exchange H1 and H2 

Exchange      and    

X. Huang, B. J. Braams, J. M. Bowman, J. Chem. Phys. 122, 044308 (2005) 

H1 H2

O

Compute these polynomials iteratively!



Water: From Cluster to Bulk
MB-pol potential: polynomial+polarizable model (TTM4-F)

2, 3, many body 
contributions

Long range 
dispersion 

C. J. Burnham, et al, J. Chem. Phys. 128, 
154519 (2008) 

V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395 
(2013)
V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599 
(2014)
G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906 
(2014)



Water: From Cluster to Bulk
MB-pol potential: polynomial+polarizable model (TTM4-F)

2, 3, many body 
contributions

Long range 
dispersion 

Number of Polynomials
● WHBB: 1380 (5th Order)+5849 (6th Order)
● MB-pol: 13(2nd Order)+202 (3rd Order)+948 (4th Order)

Learn the 
“Correction”

Possible for Bulk 
Calculation

V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395 
(2013)
V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599 
(2014)
G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906 
(2014)

Y. Wang, X. Huang, B. C. Shepler, B. J. Braams, J. M. Bowman, J. Chem. 
Phys. 134, 094509 (2011) 



Training MB-pol Potential

Training data: 
● Configurations from simulations
● Energy calculated in CCSD(T)/CBS and CCSD(T)/aug-cc-pVTZ

V. Babin,,C. Leforestier, F. Paesani, J. Chem. Theory Comput. 9, 5395 
(2013)
V. Babin, G. R. Medders, F. Paesani, J. Chem. Theory Comput. 10, 1599 
(2014)
G. R. Medders, V. Babin, F. Paesani, J. Chem. Theory Comput. 10, 2906 
(2014)



Strong Correlated System: Local Environment

Many-body 
expansion



Many-body 
expansion

J. Behler and M. Parrinello, Phys. Rev. Lett. 98, 146401 (2007)
J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)

Strong Correlated System: Local Environment



Many-body 
expansion

Permutational 
Symmetry

Rotational/
Translational 

Symmetry

J. Behler and M. Parrinello, Phys. Rev. Lett. 98, 146401 (2007)
J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)

Strong Correlated System: Local Environment



Modeling a PEF with Artificial Neural Network

J. Behler and M. Parrinello, Phys. Rev. Lett. 98, 146401 (2007)
J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)



Modeling a PEF with Artificial Neural Network

J. Behler and M. Parrinello, Phys. Rev. Lett. 98, 146401 (2007)
J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)



Symmetry Functions as Features

J. Behler, J. Chem. Phys., 134, 074106 (2011)
J. Behler, Int. J. Quantum Chem., 115, 1032 (2015)

,



Training the Neural Network Potential

J. Behler, Angew. Chem. Int. 
Ed. 10.1002/anie.201703114 
(2017)
J. Behler, Int. J. Quantum 
Chem., 115, 1032 (2015)



Examples of Neural Network Potential

V. Quaranta, M. Hellström 
and J. Behler, J. Phys. Chem. 
Lett., 8, 1476 (2017)

N. Artrith and J. Behler, Phys. 
Rev. B 85, 045439 (2012)

R. Z. Khaliullin, H, Eshet, T. 
D. Kühne, J. Behler, and M. 
Parrinello, Nat. Mater., 10, 
693 (2011)



Gaussian Process Regression/Kernel Ridge Regression A. P. Bartók, M. C. Payne, R. 
Kondor, and G. Csányi, Phys. 
Rev. Lett. 104, 136403 (2010)
A. P. Bartók and G. Csányi, Int. 
J. Quantum Chem., 115, 1051 
(2015)

Gaussian Approximation Potential

● There are no direct atomic energies so the training are 
based on total energy and forces.

● Local environments are highly correlated. A sparse subset 
is selected as representative atomic neighbourhood 
environments



Descriptor: Smooth Overlap of Atomic Positions

● Permutational symmetry 

● Translational symmetry

● Rotational symmetry

A. P. Bartók and G. Csányi, Int. J. Quantum Chem., 115, 1051 (2015)
A. P. Bartók, R. Kondor, and G. Csányi, Phys. Rev. B. 87, 184115 (2013)



Descriptor: Smooth Overlap of Atomic Positions

Two densities:       and  
Still NOT rotational invariant

A. P. Bartók and G. Csányi, Int. J. Quantum Chem., 115, 1051 (2015)
A. P. Bartók, R. Kondor, and G. Csányi, Phys. Rev. B. 87, 184115 (2013)



Descriptor: Smooth Overlap of Atomic Positions

Integrate over SO(3) group, with 
respect to Haar measure. Take n=2 as 
example

Wigner matrices, irreducible 
representations of SO(3)

A. P. Bartók and G. Csányi, Int. J. Quantum Chem., 115, 1051 (2015)
A. P. Bartók, R. Kondor, and G. Csányi, Phys. Rev. B. 87, 184115 (2013)



Descriptor: Smooth Overlap of Atomic Positions

By Peter-Weyl theorem, coefficients of 
Wigner matrices form orthonormal 
basis in 

SOAP:

A. P. Bartók and G. Csányi, Int. J. Quantum Chem., 115, 1051 (2015)
A. P. Bartók, R. Kondor, and G. Csányi, Phys. Rev. B. 87, 184115 (2013)



Example of GAP+SOAP

W. J. Szlachta, A. P. Bartók and G. Csányi, Phys. Rev. B. 90, 104108 
(2014)



Conclusion

● Machine learning based potential energy functions are able to 
model condensed matter systems accurately 

● Basic symmetries (permutational/translational/rotational) 
need to be satisfied. 

● “Delta-ML” may perform better if “relatively good” reference 
potentials  are available. 

● Keeping one-to-one mapping from Cartesian coordinates to 
features is important

● Extrapolating is one big issue.


